The quark Dyson-Schwinger equation is studied in the current heavy quark limit m → ∞. We study the analytic structure of the heavy quark propagator in an approximation in which the quark-gluon vertex is modelled by the BallChiu Ansatz, and the Landau gauge gluon propagator takes a gaussian form.
I. INTRODUCTION
The solution of approximate Dyson-Schwinger equations (DSE) has proved to be an effective means for modelling quark propagators in hadronic physics [1] . Recent calculations within the genre of models which we shall refer to as the DSE technique include those of the light hadron spectrum [2, 3] and of electromagnetic form factors of the pion and kaon [4] . Although no rigorous proof exists, it is the philosophy of the DSE technique that one possible signal of confinement in QCD should be the absence of timelike poles in the quark propagator [5] . It has furthermore been conjectured that the propagator S(p) could be an entire function in the complex p 2 plane [6, 7] . Such a scenario would, for instance, avoid certain unpleasant consequences which can result when modelling mesons via the Bethe-Salpeter equation which samples the quark propagator over a region of the complex plane.
Determining the analytic structure of fermion propagators in QCD [8, 9] or other confining theories [10, 11] by the direct solution of model DSEs is not easy. It appears that the pole or branch cut structure obtained in any particular model is heavily dependent on the approximations employed. In general, two aspects of the quark DSE must be approximated: the quark-gluon vertex, and the gluon propagator. In this paper, our emphasis will be on the choice of quark-gluon vertex. In existing numerical studies which produce propagators with conjugate singularities [8, 9] , the quark gluon vertex has usually been approximated by the bare vertex (the so called rainbow approximation). In ref. [7] it was shown that an entire function propagator is obtained if the vertex function is modelled by a more sophisticated form respecting the Ward-Takahashi identity. This suggests that one should not underestimate the importance of accurately modelling the quark-gluon vertex in any calculation which purports to explore the analytic structure of the quark propagator.
In a recent development, the DSE technique has been extended to the realm of heavy quarks [12, 13] in a way inspired by heavy quark effective theory (HQET) [14] . The purpose of this exercise was twofold. Firstly, if one acknowledges the success of the DSE technique in the light quark sector, it is clear that the dynamics of confined particles is driven by non-perturbative dynamical self dressing. In HQET, non-perturbative self dressing and the detailed analytic structure of the heavy quark propagator are largely ignored. It is important to know whether this is justified, or whether the successes of HQET are purely fortuitous. Secondly, one has the hope that an accurate determination of the heavy quark propagator will eventually prove useful for building phenomenological models of heavy quark hadrons.
In ref.
[12] a preliminary attempt is made to calculate the spectrum of heavy quarklight antiquark mesons by using the combination of rainbow DSE and ladder Bethe-Salpeter equation (BSE). It is found that, within the limitations of the model, the pole structure of the heavy quark propagator prevents solution of the meson BSE. This is clearly a shortcoming of the approximations involved. In ref. [13] the heavy quark DSE is examined from the point of view of the gauge technique. This is essentially an improvement on the rainbow approximation to the quark-gluon vertex which is designed to respect the Ward-Takahashi identity. An alternative approach, and one which we follow in this paper, is to replace the bare vertex Ansatz with the Ball-Chiu vertex Ansatz [15] . We shall see that in the heavy fermion limit the gauge technique and the Ball-Chiu vertex are equivalent. Our concern here is mainly with the analytic structure of the heavy quark propagator. For this reason, our treatment differs from ref. [13] in that it is principally numerical, and concentrates on a different class of model gluon propagators, namely those used in ref. [12] .
The layout of the paper is as follows. In Section II we summarise the quark DSE and the approximations we shall be employing for the quark-gluon vertex and gluon propagator. In Section III we briefly summarise the heavy quark formalism and derive integral equations for the heavy quark propagator. Numerical solutions to these equations are discussed in Section IV. Conclusions are drawn and suggestions for the direction of future work are given in Section V.
II. THE QUARK DYSON-SCHWINGER EQUATION
Our starting point is the quark DSE [1]
where we have used a Euclidean metric in which timelike vectors satisfy p 2 = −p 2 Minkowski < 0, and for which {γ µ , γ ν } = 2δ µν . Our aim is to solve the DSE for the quark propagator S(p), which we write in the following general form consistent with Lorentz and CPT covariance:
2)
The precise forms of the quark-gluon vertex Γ ν (q, p) and gluon propagator D µν (k) are unknown and must be modelled by appropriate Ansätze.
The most general form of the quark-gluon vertex consistent with Lorentz and CPT invariance, satisfying the Ward identity iΓ µ (p, p) = ∂ p µ S −1 (p) and Ward Takahashi identity [16] 
, and free of kinematic singularities has been given by Ball and Chiu [15] . It takes the form
where We mention two well studied vertex Ansätze falling within this class. The first of these, introduced by Curtis and Pennington [17] to ensure multiplicative renormalisability in quantum electrodynamics, is defined by setting the transverse piece Γ 6) where M = B/A. The second of these, proposed by Haeri [18] , takes the form
It satisfies the above criteria and therefore must be of the form Eq. (2.3). Munczek [19] has shown that the Haeri vertex is identical to the spectral representation of the vertex used in the gauge technique, and this has in turn been employed in ref. [13] . The gluon propagator takes the form
where ξ is the gauge fixing parameter. In this paper we shall consider initially the particularly simple 'infrared dominant' model [6, 7] ∆(k
In applications to hadronic physics, µ is usually taken to be of the order of 1 GeV [20] , which is the typical scale of QCD. A disadvantage of this model is that it neglects the asymptotically free ultraviolet behaviour of QCD. A more realistic model gluon propagator which avoids this shortcoming but has similar infrared properties to the Eq. (2.9) has been proposed by Frank and Roberts [21] . Ideally we would like to chose such a propagator for the following calculations. However, the heavy quark treatment we consider is prone to ultraviolet divergences which must be carefully regulated if we are to make sense of the method. For ease of computation, here we consider instead the more heavily ultraviolet damped propagator
which reduces to Eq. (2.9) in the limit α → 0. We also work with the Landau gauge ξ = 0. We note that the gluon propagator Eq. (2.9), together with the minimal Ball-Chiu vertex Γ µν (p, q) = Γ BC µν (p, q) defines precisely the model considered in ref. [7] . Below we extend the analytic results obtained therein to the heavy quark limit, and explore numerically the analytic structure of the heavy quark propagator under the influence of the gaussian smearing introduced by Eq. (2.10).
III. THE HEAVY QUARK LIMIT
In the absolute limit of heavy current quark masses, m → ∞, the dressed quark propagator Eq. (2.2) is dominated by the bare form S −1 bare = iγ · p + m. However it is important to isolate from the full propagator order 1/m self energy corrections to the bare propagator which drive confining and remnant chiral symmetry breaking effects. To this end we set [12] A(p
where, in the spirit of HQET, we have introduced a new momentum variable k µ defined by
with v µ a constant unit 4-vector which we choose to be the timelike vector
Integral equations for Σ A (k) and Σ B (k) are most easily obtained by first using Dirac trace identities to project out from Eq. (2.1) (together with (2.3) and (2.8)) a pair of coupled integral equations involving A(p 2 ) and B(p 2 ), and then making the substitutions (3.11) and (3.12). To leading order in 1/m, we find that Σ A and Σ B depend only on the momentum coordinate k 4 , and that the quark propagator becomes [12] 
where we define the heavy quark self energy
We find in general that the DSE leads to a single integral equation for the complex valued function Σ(k 4 ). The change of dependent variable p 2 → k 4 induced by the transformation Eq. (3.12) is illustrated in Fig. 1 . We see that the form given by Eq.(3.14) represents the heavy quark propagator in the dominant region near the the bare propagator mass pole p 2 = −m 2 . Obtaining an integral equation for Σ(k 4 ) involves a change of integration variable q → k ′ in the DSE Eq. (2.1) analogous to Eq. (3.12). For this change of integration to be valid, the propagator, and hence the functions
, must be analytic over the shaded region
Equivalently, the function defined by 17) must be analytic over the shaded region Im k 4 < 0. The confinement criterion that S(p) should be free from timelike poles (on the negative real p 2 axis) translates in the heavy quark case to a requirement that σ Q should be free from poles on the imaginary k 4 axis. The stronger conjecture [7] , that the quark propagator should be an entire function of p 2 translates in the heavy quark formalism to a conjecture that σ Q should be an entire function of k 4 .
A. Rainbow approximation
Consider first the bare vertex Ansatz or rainbow approximation
Using the Landau gauge (ξ = 0) form of the gluon propagator, Eq. (2.8), we obtain for the heavy quark self energy the integral equation
Choosing the infrared dominant gluon propagator Eq. (2.9), the DSE reduces to an algebraic equation with solution 20) or, using the definition (3.17),
Alternatively, choosing the gaussian gluon propagator Eq. (2.10) and carrying out the d 3 k integration, we obtain the integral equation [22] 
where erfc z = 1 − erf z is the complementary error function. This equation can be solved numerically.
B. Ball-Chiu vertex
If any of the minimal Ball-Chiu Ansatz Eq. (2.4), the Curtis-Pennington Ansatz Eqs.(2.3) and (2.5), or the Haeri Ansatz Eq. (2.7) is used together with the Landau gauge gluon propagator, we obtain the following integral equation for the heavy quark self energy:
It is interesting to note that, within the set of vertex Ansätze we have considered, the heavy quark propagator is insensitive to the transverse part of the vertex. This is not difficult to understand for the Curtis-Pennington vertex, in which the transverse part is heavily damped by the presence of the factor M 4 ∼ m 4 in the denominator d(p, q). However, in the case of the Haeri vertex there is no such obvious mechanism, and one is led to question whether the heavy quark propagator may be insensitive to a broad class of Ansätze satsifying the criteria specified above Eq. (2.3) .
Taking the gluon propagator to be the infrared dominant form Eq. (2.9), gives the differential equation 24) which, together with the boundary condition σ Q (k 4 ) → 0 as k 4 → −i∞, admits the solution
where σ Q is defined by Eq. (3.17), β = 2 √ 2/µ √ 3 and
is Dawson's integral. We note that this solution is an entire function of k 4 , which, as pointed out earlier, is a desirable feature of a quark propagator. This comes as no surprise, as it simply the heavy quark limit of the model considered in ref. [7] , in which it was demonstrated that the combination of Ball-Chiu vertex and infrared dominant gluon propagator leads to an entire function propagator for all values of the bare current quark mass. It is of interest to determine to what extent this analytic structure is a feature of the BallChiu vertex, and to what extent it is a feature of the infrared dominant gluon propagator. If the infrared dominant propagator is replaced by the gaussian smeared form Eq. (2.10), we obtain the integral equation
We shall solve this equation numerically in the k 4 plane in the next section.
IV. NUMERICAL RESULTS
For the purpose of determining the analytic structure of the heavy fermion propagator obtained from the DSE with the gaussian gluon propagator Eq. (2.10), it is sufficient to look at the one parameter family of models obtained by scaling either µ or α to unity. We choose to scale µ to unity, which amounts to working with a set of dimensionless quantities
This choice enables us to recover the infrared dominant model in the limit α → 0. In Figs. 2 and 3 we plot the heavy quark self energy Σ(k 4 ) as a function of real k 4 obtained from the bare vertex DSE Eq. (3.22) and the Ball-Chiu vertex DSE Eq. (3.27) for α = 1, 2 and 3. These results are obtained by iterating from an initial guess and using a Simpson's rule quadrature. We find that the derivative-like terms in Eq. (3.27) prevent a numerical solution for values of α less than 1, as numerical noise in the function values becomes unstable with respect to iteration at small values of k 4 . This problem is a general feature of numerical treatments of DSEs with Ball-Chiu-like vertices. Also plotted are the α = 0 analytic results Eqs. (3.20) and (3.25). In all cases the self energy is characterised by a real part which peaks at zero and an imaginary part which peaks near the typical scale of the model k 4 ∼ µ. The self energy for negative real k 4 can be obtained from these results using the reflection property Σ(−k * 4 ) = Σ(k 4 ) * . To solve for the heavy quark propagator away from the real k 4 axis we shift the contour of integration into the complex plane parallel to the real k 4 axis and again solve iteratively. We note that, to determine Σ(k 4 ) for complex arguments, it is necessary to move the contour of integration to pass through the point k 4 . This is because the radial part of the Table I . In general we find that poles only occur for Im k 4 > 0, and that σ Q dies away to small values and is free from singularities the shaded region in Fig. 1 as required. Of course we are unable to pass the contour of numerical integration through the pole itself, and these results are attained by extrapolation from results of contours which we gradually moved deeper into the complex plane. We were unable to obtain a reasonable extrapolation for the Ball-Chiu vertex at α = 1, again because of the iterative instability problem associated with the derivative-like term in Eq. (3.27).
We also plot in Table I the results of using the model gluon propagator
where ∆ is given by Eq. (2.10). Forms such as Eq. (4.29) are frequently used in phenomenological modelling (see for instance ref. [2] ) and are sometimes refered to as propagators in a 'Feynman-like gauge', though of course they are generally not of the form of Eq. (2.8).
The sole advantage of the Feynman-like gauge is that it leads to considerably simplified calculations. In our case it is possible to locate poles more accurately because there is no pinch singularity requiring the contour of integration to pass through the point in question.
Once the propagator has been solved on the real k 4 axis, the value of the propagator can be calculated at any point in the complex plane by integrating once along the real axis. Nevertheless, we have also repeated our pole calculations by shifting the contour and extrapolating as in the Landau gauge case as a check on the the consistency of the two methods and find that they agree to within the accuracy given in Table I of the corresponding Landau gauge results. A Feynman-like gauge propagator was also used in ref. [12] dealing with the ladder Bethe-Salpeter equation for the heavy quark-light antiquark system. There it was demon-strated that the model with bare quark gluon vertex and gaussian Feynman-like gauge gluon propagator had no solutions because of poles in the heavy and light quark propagators. From Table I we conclude that the replacement of a bare vertex by the Ball-Chiu vertex in itself does nothing to improve the pole structure of the heavy quark propagator, either for the Landau gauge gluon propagator or the Feynman-like gluon propagator. In particular we find that, as the gaussian width α increases, a mass pole pole moves in along the imaginary k 4 axis. A pole on the imaginary axis indicates that the fermion can propagate as a free particle, and the position on the positive imaginary axis gives the contribution to the quark mass from the dynamical self dressing. For the bare vertex, the pole splits into conjugate pairs either side of the imaginary axis as α decreases. In this instance the quark becomes a confined particle. Numerical difficulties described above prevented us from confirming that the same situation occurs in the case of the Ball-Chiu vertex. As α → 0 we must recover the solution Eq. (3.25), which is an entire function with an essential singularity at infinity.
We see from Table I that, when poles occur, their position remains almost unchanged in going from Landau to Feynman-like gauge if the Ball-Chiu vertex is used, but not if the bare vertex is used. In a properly formulated gauge covariant calculation, the position of any propagator mass pole should be independent of the gauge fixing procedure [23] . While we certainly do not claim that that our treatment is gauge covariant, it is amusing to note that replacing the bare vertex by the Ball-Chiu vertex (and Feynman gauge by the computationally convenient Feynman-like gauge) appears to go some way towards satisfying this requirement.
In Fig. 4 we plot the heavy quark propagator function σ Q (k 4 ) on the imaginary k 4 axis, where it is a real valued function. Plots are given for both the Ball-Chiu and bare vertices, using the Landau gauge gaussian gluon propagator with parameters µ = 1, and α = 0 and 1. Also shown for comparison is the bare heavy quark propagator σ Q (k 4 ) = 1/ik 4 . While there is considerable variation in the plots, one can make the general observation that the dressed propagator peaks at momentum values shifted along the positive imaginary k 4 axis. In the case where the propagator pole has split into conjugate pairs off the imaginary axis, (viz. α = 1, bare vertex) there is a broad resonance like peak at about −ik 4 = 0.4µ. In ref. [21] this type of behaviour is interpreted as a self energy contribution to the constituent quark mass.
V. CONCLUSIONS AND OUTLOOK
We have attempted to explore the analytic structure of heavy quark propagators following a recently proposed formalism which borrows ideas both from the DSE technique and HQET. It is our belief that, if the successes of HQET are to be properly understood, we must first understand how the non-perturbative dynamics of QCD affect the heavy quark propagator. Within the light quark sector the analytic structure of the quark propagator is perhaps best understood in terms of model Dyson-Schwinger equations. It is therefore a worthwhile exercise to extend the DSE technique to the heavy quark limit.
The initial attempt in this direction [12] failed essentially because the approximations used led to spurious propagator poles which prevented solution of the bound state BetheSalpeter equations. Two approximations were involved: modelling of the quark-gluon vertex and of the the gluon propagator. Within the context of the heavy quark formalism, the first of these is the easier to deal with, and the one that we have focused on in this paper.
We have examined the effect of replacing the bare vertex with Ansätze based on the Ball-Chiu vertex [15] , which is primarily designed to satisfy the Ward-Takahashi identity. Specifically, we have considered the minimal Ball-Chiu vertex and two variants: that proposed by Curtis and Pennington [17] and that proposed by Haeri [18] . The two variants differ from the minimal vertex by the inclusion of extra transverse components. We find that, to leading order in the inverse of the heavy quark mass, the heavy quark propagator is insensitive to which of the three above Ansätze is used. One is led to question to what extent transverse additions to the minimal Ball-Chiu vertex can be ignored in determining the leading order heavy quark propagator.
In our numerical calculations we have used a Landau gauge form of a model gaussian gluon propagator which was employed (together with the bare vertex) in previous studies [12] . Unfortunately, we find no improvement in the propagator pole structure in going from the bare vertex to the Ball-Chiu vertex. That is to say, timelike mass poles indicating non-confinement, or conjugate poles which are likely to interfere with the successful solution to bound state problems, are not removed simply by improving the quark gluon vertex Ansatz. However, in the limit in which the width of the gaussian gluon propagator is taken to zero (the 'infrared dominant model'), we do obtain an entire function heavy quark propagator, free from singularities except an essential singularity at infinity. This is consistent with the equivalent finite quark mass calculation [7] , and may provide a useful propagator for phenomenological modelling purposes.
We conclude from our numerical results that it is the remaining approximation, namely the gaussian model gluon propagator, which is responsible for the poor analytic structure we obtain for the quark propagator. Our gluon propagator is clearly deficient for ultraviolet momenta, where one might more appropriately use the one-loop result [1] 
with d = 12/(33 − 2n f ). In the light quark sector, a gluon propagator with this ultraviolet behavior and with a suitably strong infrared component provided by, say, a gaussian function, yields a DSE free from ultraviolet divergences [24] . However, from Eq. (3.23) one sees that only a heavily damped ∆(k 2 ) will yield a convergent d 3 k integral within our current formalism. Convergence has been lost by retaining only the leading order of the 1/m expansion of the quark propagator Eq. (3.14), and can be restored by judiciously including the spatially dependent O(1/m) part:
In this case the current quark mass m becomes an ultraviolet regulator, whose presence in the final analysis will hopefully be masked if the symmetries of HQET are to be respected in the m → ∞ limit. The development of a properly ultraviolet-regulated heavy quark formalism, capable of handling a realistic asymptotically free gluon propagator satisfying Eq. (5.30) is expected to be the focus of future work. We hope this will enable us to address a number of questions.
Firstly there is the question of the effect of the gluon propagator on the pole structure of the heavy quark propagator. By working in the heavy quark limit, where numerical solution of the DSE in the complex plane tends to be easier than in the light quark sector, it may be possible to shed light on the infrared form of the gluon propagator. Secondly, we recall the above observation that the heavy quark DSE is relatively insensitive to the unknown transverse part of the vertex, at least for a heavily damped gluon propagator. It is of interest to know whether this property survives a rigorous treatment of an asymptotically correct gluon propagator. If so, there are immediate benefits in using the heavy quark limit as a test-case for studies of confining field theories. Finally, with a properly ultraviolet-regulated model, one will be able check directly whether the propagator pole structure is invariant with respect to the choice of gauge fixing parameter ξ.
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